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Abstract 
In this paper we study tilings of closed surfaces by means of polygons with k edges, which are 
minimal with respect to the number of vertices. 
Throughout this paper, spaces and maps will be piecewise-linear (PL), in the sense 
of [4] or [l 11. 
From now on, we shall denote by Tg (resp. U,) the orientable (resp. non-orientable) 
surface of genus .4 (resp. h). 
For basic notations and results relatively to polytopes we refer to [S]; we shall need 
often to consider 2-cell embeddings (see [13]) of polygons into closed surfaces, we 
shall also use the term ‘k-gon’ to indicate a region of the embedding. 
Definition 1. Let F be a surface. A ball complex ([ 111) & will be said to be a pseudo 
k-tessellation of F iff each 2-ball of rk considered with all its faces, is isomorphic with 
a closed k-gon (k 3 3). 
Remark 1. Note that a pseudo k-tessellation is a finite polyhedron in the sense of [6] 
and a map in the sense of [13]. 
Definition 2. A pseudo k-tessellation & of a surface F will be called a contracted 
k-tessellation iff Y, has exactly k vertices (O-balls). 
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Remark 2. Obviously a pseudo 3-tessellation is a pseudocomplex [S; p. 491 and 
a contracted 3-tessellation is a contracted complex (see [2] and its bibliography). The 
minimal quadrangulations of closed surfaces presented in [7] are (generally non- 
contracted) pseudo 4-tessellations. 
Remark 3. If Fk is a contracted k-tessellation of a closed surface F, by means of 
m k-gons, then Fk has i km edges and its Euler characteristic is: 
X(F)=m-ikm+k. 
If F= Tg, since x(T,)=2-2y, then we obtain the equality (*) m=2 +4g/(k-2); if 
F = CJ,,. then from x(U,)= 2-h, we obtain the equality (**) m=2 +2h/(k-2). 
Observe that the equalities (*) and (**) justify the restriction k>3, considered in 
Definition 1 for each surface F of genus greater than zero. However, in the case of the 
sphere, we could also consider a family of contracted 2-tessellation, constructed by 
cyclically identifying the boundaries of r 2-gons, for each r > 2. 
Let now Fk be a pseudo k-tessellation of a closed surface F, and let us consider the 
‘dual’ ball complex (Fk)* of Fk which has an h-ball (h = 0, 1, 2) for each (2 - h)-ball c 
of Fk. 
Note that 1 .Tk I= j(.TJ* 1 and that both polyhedra can be identified with F. More- 
over the 2-cell imbeddings of the l-skeleton of Fk and (F,,)* into F induced by the 
above identification are dual of each other. 
In general (&)* is not a pseudo h-tessellation of F, for some h. However, this is 
always the case, if F,, is contracted, as specified in the following. 
Lemma 3. Let & he contracted k-tessellation of T, (resp. of U,). Then its dual 
hall complex is a contracted (2 +4g/(k-2))-tessellation of T, (req. u contracted 
(2 + 2h/(k - 2))-tessellation of U,). 
Proof. Of course, (Fk)* has 2 + 4g/(k - 2) (resp. 2 + 2h/(k - 2)) vertices, k 2-balls and 
k( 1 +2g/(k-2)) (resp. k(1 + h/(k-2))) edges. On the other hand, each vertex of Yk is 
a face of exactly 2 + 4g/(k - 2) (resp. 2 + 2h/(k - 2)) k-gons, and therefore each 2-ball of 
(F,J* is an (2 + 4g/(k - 2))-gon (resp. (2 + 2h/(k - 2))-gon). 
This completes the proof. 0 
We are now able to state the main result of this paper, which gives a complete 
information on the existence of contracted k-tessellations for all closed surfaces. 
Theorem 4. The closed orientahle surface T,, g>O (resp. the closed non-orientable 
surface U,,, h > 1) admits a contracted k-tessellation ifs k - 2 divides 49 (resp. 2h). 
The proof of Theorem 4 proceeds from the following five Lemmas. 
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Lemma 5. The 2-sphere S2 (= TO) admits a contracted k-tessellation, for every k 3 3. 
Proof. It suffices to consider a k-gonal dihedron [l], i.e. two k-gons with the bound- 
aries identified. 0 
Lemma 6. The torus T, admits a contracted k-tessellation iff k = 3, 4, 6. 
Proof. Since for g = 1, in the equality (*), 4/(k - 2) must be a nonnegative integer, then 
k cannot assume values different from 3,4,6. Now we shall show that for these values 
of k, it is possible to construct a suitable k-tessellation Yk of T,. 
(a) k = 3. The result is well known. In fact, we look for a contracted triangulation of 
T,, whose existence is proved (for all closed manifolds) in [lo]. A different proof can 
also be found in [9] (see [2] or [12]). 
(b) k = 6. By Lemma 3, the dual complex of the contracted triangulation Ys of T, is 
a contracted 6-tessellation .Ye of T1. 
(c) k=4. Let C be the normal realization of T1 in the plane as a square with the 
opposite edges pairwise identified. Let us denote by A the four vertices of C; further let 
B and D be the barycenters of the edges of C (where the barycenters of the associated 
edges of each pair are denoted by the same letter) and let C be the barycenter of C. 
Then join C with all vertices B and D to obtain a contracted 4-tessellation .Yd of T, 
The same contracted 4-tessellation of T1 admits the following alternative descrip- 
tion: let pi, p2 be two distinct non-intersecting parallel lines of T1 and let ml, m2 be 
two distinct non-intersecting meridian lines, such that pin mj is a single point, for 
i, jg{l, 2); then these lines determine the required contracted 4-tessellation of T,, 
whose vertices are the four intersection points of the parallel lines with the meridian 
lines. 0 
Fig. 1 shows the three described k-tessellations of T,. 
Lemma 7. The real projective plane RP’= U1 admits a contracted k-tessellation ifs 
k=3, 4. 
Proof. The same considerations used for the torus allow to assert that there is no 
contracted k-tessellation of Ui for k # 3,4. Now, we construct a contracted k-tessella- 
tion of U 1 for k = 3,4. 
(a) k = 3. As observed in the preceding Lemma 6, a contracted 3-tessellation Y3 of 
Ui is nothing but a contracted complex, triangulating U1. 
(b) k=4. Let C be an exagon of the plane with vertices cyclically denoted A, B, C, 
A’, B’, C’ and barycenter denoted by D. Then split C into three 4-gons, by joining 
D with A, C and B’. Now a contracted 4-tessellation Yd of [WP’ can be obtained from 
C by identifying the edges AB, BC and CA’ with A’B’, B’C’ and C’A respectively. 0 
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Fig. I. The contracted k-tessellations of the torus 
Fig. 2 shows the two contracted tessellations of the real projective plane. 
Observe that the described contracted 3- and 4-tesselations of U, are dual of each 
other. 
Lemma 8. [f F and F’ are two closed sucfaces and {f zT~ and & are contracted 
k-tessellations of F and F’ respectively, then the connected sum F # F’ qf F and F’admits 
a contracted k-tessellation Jam # J& too. 
Proof. The required contracted k-tessellation rk#Y,’ is obtained simply by con- 
structing the connected sum of F and F’ via the identification of the interiors of two 
k-gons of & and & respectively. 0 
The contracted k-tessellation Yk # & of F # F’ described in the above Lemma 8 
will be called the connected sum of Yk and Yi. 
In Fig. 3 we show the construction of a contracted 4-tessellation of a Klein bottle as 
the connected sum of two copies of the contracted 4-tessellation of the projective 
plane, showed in Fig. 2. 
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Fig. 4. A different contracted 4-tessellation of the Klein bottle. 
Proof of Theorem 4. It is obvious that, if k-2 does not divide 4g (resp. 2h), then 
m would not be an integer. 
If k = 3,4, 6 (resp. k = 3, 4) a contracted k-tessellation of T, (resp. of U,) is obtained 
by induction: we consider the connected sum of two contracted k-tessellations of T1 
and T,_ 1 (resp. of Ui and U,_ i). 
Moreover, by Lemma 8, we can construct, for each g> 1 (resp. h> l), (2+g)-, 
(2 + 2g)- and (2 + 4g)-tessellations (resp. (2 + h)- and (2 + 2h)-tessellations), as dual 
respectively of the 6-, 4- and 3-tessellations (resp. of 4- and 3-tessellations). 
Now, for each g 30 (resp. for each ha l), let M, be the set (3, 4, 6, 2+g, 2+2g, 
2 +4g} (resp. let Mh be the set { 3, 4, 2 + h, 2 + 2h)). If k$ M, (resp. k$ M,,) and k divides 
4g (resp. 2h), then set 
g=min[(k-2, i(k-2), a(k-2)) n N] (resp. i=min [{k-2, &k-2)} n N]); 
it is easy to see that there exists a contracted k-tessellation of Tg (resp. of U,-,) since 
kEM, (resp. kEM,-). Moreover, as one can easily verify, by distinguishing the three 
possible cases, g (resp. K) divides g (resp. h). 
So we can obtain a contracted k-tessellation of T, (resp. of U,) simply by construct- 
ing inductively the connected sum of g/g contracted k-tessellations of Tg (resp. of UR). 
This concludes the proof. 0 
Remark 4. The Klein bottle U2 admits an alternative contracted 4-tessellation 
analogous to the one of the torus (see Fig. 4). 
Note that the above example, together with Lemma 8, allows to define many 
alternative contracted 4-tessellations for the non-orientable surfaces. 
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